In this paper we argue that implementing the income in the utility function can considerably contribute to the explanation of the equity premium puzzle. Macroeconomic data from developed and developing countries provides support to this idea. We propose a utility function that includes consumption, income and disentangles dividends as a specific form of income, and price assets using a consumption based asset pricing model based on the utility function. Empirical tests show that the predicted values of risk free return and equity premium are close to the historically observed ones.
Introduction
Economic theory requires that equities have higher real return than risk-free bonds. Empirical data shows that equity return is higher. However, Mehra and Prescott (1985) (M&P) argue that the equity premium (the difference between equity return and risk free return) is too high and cannot be explained only by the increased riskiness of the equity. This phenomen is called the equity premium puzzle (EPP). M&P assume a standard representative consumer model, simple expected utility function, complete markets and no trading costs. A number of studies try to explain the EPP. They claim that some of the assumptions of M&P is implausible and modify the model. Rietz (1988) claims that if a low probability of a major financial calamity is taken into account, the model of M&P explains the EPP. Thus, the economic agents are rational, because they took into account the possibility for such calamity, and require a high equity premium. However, if such a calamity does not happen in the period under consideration, the behavior of the economic agents may look irrational and the EPP appears. Epstein and Zin (1989) point out that the expected utility function imposes the restriction that the coefficients of relative risk aversion (CRRA) is equal to the inverse to the elasticity of intertemporal substitution (EIS). They believe that this restriction can be responsible for the EPP, and remove it by using the generalized expected utility function
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.
This function disentangles the CRRA and the EIS. Epstein and Zin (1989) find that this approach can only explain about one third of the equity premium. Kocherlakota (1996) claims that similar modifications cannot explain the EPP, while other researchers believe that this idea is just starting to produce reliable models. Kandel and Stambaugh (1991) argue that the puzzle is actually not a puzzle at all. They point out that while high levels of the CRRA can lead to unreasonable behavior with respect to large changes in consumption, it does not imply implausible behavior for small changes in consumption. However the stakes are large relative to the wealth of the agents at the capital markets. Mankiw and Zeldes (1991) claim that differentiation between stockholders and non-stockholders should be made. Excluding pension accounts, they find that almost three-quarters of the individuals do not hold stocks. The consumption of stockholders is three times more sensitive to stock market fluctuations than the aggregate consumption of both stockholders and non-stockholders. But even in that case the level of the CRRA, necessary to explain the observed equity premium, is close to ten 1 . Campbell and Cochrane (1995) propose a the consumption function that depends 1 not only on current consumption, but also on previous consumption (the so called force of habit)
where X represents the level of habits, which adjusts slowly to the level of consumption. Note that for this function, the coefficient of relative risk aversion (CRRA) γ is:
i.e., it is changing through time. The model specifies an external habit: each person's habit responds to everyone else's consumption, related to the need of "keeping with the Joneses", as advocated by Abel (1990) . They also introduce precautionary saving -even if times are bad, people save, because of the uncertain future. Campbell and Cochrane (1995) claim that model based on this consumption function can explain the EPP. The value of CRRA, for which the EPP is explained, is six. On the other hand, Kocherlakota (1996) formulates a different habit consumption utility function and shows that this utility functions cannot explain the EPP. Benartzi and Thaler (1995) provide behavioristic arguments for the explanation of the EPP. First, investors are assumed to be loss averse (meaning that they are much more sensitive to losses than to gains). Second, even long-term investors are assumed to evaluate their portfolios frequently, and to adjust them afterwards. Benartzi and Thaler find that if an investor evaluates his portfolio once a year, then he is indifferent between having stocks or risk-free bonds. If the evaluation period is short or longer than one year, the investor prefers bonds or stocks, respectively. The two assumptions shift the domain of utility function from consumption to returns, and the latter makes people demand a large premium to accept return variability, even if short-term returns have no effect on consumption. Kocherlakota (1996) notes that the restriction that the CRRA be the inverse of the EIS requires also that the risk-free rate (the borrowing rate) should be higher than observed one 2 , and calls this paradox the risk-free rate puzzle. Kocherlakota considers the other assumptions of M&P as well. M&P assume that markets are complete, i.e. that individuals can write contracts against any risk. If markets are incomplete the individual consumption varies more than per capita consumption, and may co-vary enough with the stock returns in order to explain the EPP. However, Kocherlakota finds that self insurance allows individuals to approximate the allocations in complete market environment. This means that the predictions of incomplete market models will be similar to these of M&P, although that M&P assume complete market. Important assumption is that income shocks have autocorrelation of less than one. If not, then it is possible for incomplete market models to explain the size of the equity premium. Also, in an infinite horizon, the extra demand for savings generated by the absence of insurance markets will be smaller, because individuals can borrow from each other in the infinite time. So, the (risk-free) interest rate should be higher and close to the complete market interest rate. But, if these risks (often shocks to income) are permanent, then in the absence of insurance markets, the risk-free rate could be so low.
Further, Kocherlakota considers the introduction of trading costs (M&P assume no trading costs). If borrowing and short sale constraints are introduced, and if a considerable fraction of the individuals have borrowing constraints, then the risk free rate may be substantially lower than predicted by the representative agent model. In that case, the demand for loans will be low, an the interest rate will be low as well. But, borrowing and sales constraints do not solve the EPP. On the other hand, transaction costs also can be included in the model. In a risk-free world, if an investor holds stocks forever, the transaction costs that explain the observed data amount to 600%! But in a risky world, it is possible that the investor decides to sell the stock if he reaches his borrowing ceiling, and thus the high equity premium is (partially) explained. On the other hand, there is a low probability that individuals need to sell stocks in order to smooth consumption, because an infinitely lived individual can smooth consumption by selling or buying an asset that is cheaper at the moment. Kocherlakota concludes that the only way to explain EP using transaction costs is to suppose that there is a difference between the transaction costs at bond and stock markets. Kritzman and Rich (2001) , point out that risk usually is measured as the probability of a given loss at the end of the period of an investment horizon. This view assumes that investors care about risk only at the end at the investment horizon, but not during this horizon. Kritzman and Rich (2001) argue that this view be wrong and point out that risk should be perceived and measured also during the investment horizon 3 . Kritzman (2001) claims that the discrete time assumption of M&P is wrong and proposes that using this new risk measure could contribute for the solution of the EPP. On the other hand, M&P compute the equity premium in a discrete time framework using a period equal to 1/128 of an year (less than 3 days) and find that the EPP is not solved. Further, Cochrane (1997) proves the existence of the EPP in a continuous time framework.
These studies introduce a sophistication of the simple expected utility model used by M&P, but none of the modified models can provide a satisfactory explanation for the magnitude of the equity premium. These new models have another drawback, and namely they should be tested in the other spheres of (micro) economics, where the simple expected utility model works well. The modifications also fundamentally change the sources of risk that drive the equity premium markets. This implies either that the simple expected utility model is wrong, or that the phenomenon is only temporary and will disappear.
In this paper we argue that considering the personal real income as an explanatory variable for the equity premium can considerably contribute to the explanation of the equity premium puzzle. M&P assume that income equals consumption which equals dividends. I disentangle income from consumption. To my knowledge this possibility is not treated in the literature.
The paper proceeds as follows. Section 2 describes the M&P model and comments on it. Section 3 presents empirical evidence that the M&P predicts too low equity premia for developed countries, but too high ones for developing countries. Thus the puzzle exists in both cases, but under different forms. In section 4 I elaborate on the results from section 3 and argue that the real per capita income should be taken into account when computing the theoretical equity premium. In section 5 a model is developed, which is based on utility function that depends both on real income and consumption. The model is tested. Its final version, which uses also dividends, performs considerably better than the M&P model and the model of Campbell (1997) . Section 6 concludes.
The model of Mehra and Prescott

M&P study a pure exchange economies, where the equilibrium growth rates of consumption and asset returns are constant. The elasticity of intertemporal substitution for consumption is consistent with the findings in micro, macro and international economics. M&P assume frictionless markets, representative agent and expected utility function. The growth rate of endowment follows a Markov process. The utility is
where c t is per capita consumption, 0 < β < 1 and U () is the simple expected utility function
where α > 0. Denote by y t the upper limit of output of consumption good that evolves following a Markov chain:
where x t+1 ∈ (λ 1 , ....., λ n ) is the growth rate and
M&P assume that the matrix A with elements a ij = βφ ij λ 1−α j is stable. Mehra and Prescott (1984) prove that this is necessary and sufficient condition for expected utility to exist if the individual consumes y t each period 4 . Here M&P assume implicitly that consumption is equal to income. This assumption will be discussed later).
The price at time t of a security that yields dividend d t is
which implies that
Since y s = y t x t+1 .....x s , P e t is homogeneous of degree one in y t . The period t is defined as the pair (c, i) if y t = c and x t = λ i . Then
Since P e (c, i) is homogeneous of degree one in y t , it can be written as P e (c, i) = cw i . Substituting in the last equation and dividing by c yields
This is a system of n linear equations and n unknowns. Thus w i for i = 1..n are defined.
If a period is defined as (c, i) and the following period is defined as (cλ j , j), the return is
The equity's expected return in state i is
where A i is the i th row of A and i is a column vector of ones. Thus, the infinite sum in (1) will converge to a number only if
i.e., when A is stable.
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A risk free asset brings every period one unit of consumption good. The price of the risk free asset is
If the current state is i then the expected return of the risk free asset is
What remains is to calculate the unconditional equity return and the risk-free return. Let π ∈ R n be the vector of stationary probabilities on i. The vector π is the solution to the system of equations
where φ = {φ ij } and n i=1 π i = 1. The expected unconditional equity return and risk-free return are, respectively,
. M&P calibrate the model parameters as
This calibration enables changing of the average growth rate of per capita consumption, the standard deviation of growth rate of per capita consumption and the serial correlation of this growth rate by changing µ, δ and φ, respectively. The values of the parameters are computed by putting the average growth rate of per capita consumption, the standard deviation of growth rate of per capita consumption and the first order serial correlation of this growth rate equal to their sample values from the US data for the period 1889-1978. This results in three equation, which yield the following values: µ = 0.018, φ = 0.43 and δ = 0.036. Now, for different 0 < α < 10 and 0 < β < 1, R e and R f are estimated using the formulas above. The highest equity premium is 0.35%, considerably lower than the historically observed 6.18%. This is what M%P call the equity premium puzzle.
M&P test for the robustness of this result and find that biased measures of inflation and taxation could cause problems. The results are robust to variation in the length of the period, to small changes in δ, φ and µ and to use of a four-state Markov process (i.e., with four different possible values for λ).
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Further M&P consider the effects of firm leverage -by considering equities whose dividends are equal to the real output minus a fraction from the expected output. The equity premium puzzle is robust to this modification.
Comment on the model of M&P
2.2.1
Time and the stability of the matrix A M&P assume that the matrix A with elements a ij = βφ ij λ 1−α j is stable. The M&P model is discrete. In that case, the matrix A is stable if all eigenvalues have a length smaller than one. Models are more realistic when they are in continuous time rather than discrete time. In continuous time, a stable matrix is one whose eigenvalues all have strictly negative real parts. In the calibration, n = 2. The eigenvalues λ 1 and λ 2 of the matrix A are the roots of the characteristic equation:
where
and
The parameter m is negative. If r 1 and r 2 are the real parts of the roots of equation 18 then
Since the sum is positive, the real part of least one root is positive. The matrix A is always unstable in continuous time and thus the assumption of M&P is not fulfilled.
The robustness tests
M&P find that their results are robust to changing the number of states of the Markov chain. Their calibration is
From the definition of φ ij follows that n j=1 φ ij = 1 for i = 1..n. The M&P calibration implies that n j=1 φ ij = 2 for i = 1..n. The correct calibration of φ ij is
In that case, n j=1 φ ij = 1 for i = 1..n. The resulting values for µ, δ and φ/2 were 0.0196, 0.02659 and 0.3375. After the test was performed, the maximal resulting equity premium was 0.08%, much lower than 0.35%. Model is not robust to variation in the consumption generating process.
Further, M&P do not test their model for variations of the CRRA. We test their model for the case when 0 < α < 3. The intuitive expectation is that lowering α would lead to lowering of the equity premium. The maximal equity premium did not change.
Is there a puzzle in the developing countries?
In this section we test the M&P model with data from developed as well as from developing countries. The developing countries have lower per capita income, lower real GDP per capita, higher inflation and inflation volatility and higher level of nominal risk-free interest rates. Using time-series data from developed and developing countries, we show that the M&P model results in too low equity premia for developed countries and in too high equity premia for developing countries.
The conclusions of M&P are based on US data only. It is naturally to expect survivorship bias, since US is the best performing economy of the 20th century. Jorion and Goetzmann (1999) (J&G) analyze long-span data for 39 countries and find that the US real stock returns are 4.32% per anum. The median real stock return for all countries is 0.75% and the median real stock return for countries with continuous data going back to 1920 is 2.35%. On the other hand, the standard deviation of the real US stock returns is 15.84, much lower than many other ones from the sample. The high US equity premium does not seem to compensate for more risk. J&G construct a sample of 16 best performing economies, and compute the equity return for each economy with and without dividends for the period 1970-1995. The dividend effect (computed as equity return with dividends minus equity return without dividends) for the US is very close to the average dividend effect for the whole sample. There is no indication that the high US equity return is due to a dividend bias.
This study implies that the high US equity premium is due to survivorship bias. On the other hand, Siegel and Thaler (1997) point out that also countries like Germany and Japan, that lost wars and suffered hyperinflation, have even higher real equity premium than the US (mainly because of the negative real returns on bonds in the times of hyperinflation), and conclude that the survivorship bias is not the reason for the equity premium puzzle.
This statement seems to be flawed, given that only high developed countries were considered. As J&G point out, countries with high real stock return tend to have long financial history. It is interesting that the US, Germany and Japan are among the countries with the longest observed financial history -more than a century. On the other hand the US, Germany and Japan have very different real stock returns, and namely 4.1%, 2% and -1% per anum, respectively. Campbell (1996) estimates the values of the CRRA, applied by post 1970 data for Australia, Canada, France, Italy, the Netherlands, Spain and Sweden. Except for three countries where the implied value of the CRRA is negative (because stock prices and consumption are negatively correlated), the obtained values for the CRRA are very high -from 31 to over 5000. He also reports an estimate of 62 for Sweden for the period 1919 -1992 . Campbell (1996 investigates the equity premia for West European countries. He finds that the equity premium is small for countries with small market capitalization to GDP ratio -for example, Italy and Spain. The volatilities of returns are much higher and the Market capitalization to GDP ratio much lower than for the other countries. Low Market capitalizaton to GDP ratios and high volatility of returns are typical for the developing countries. Campbell also finds low equity premium values for countries that predominantly represent claims on natural resources, like Australia and Canada.
The existing studies on the EPP use data from developed countries. We run the model of M&P for a number of developing countries and developed countries. We focus on the South American countries because the capital markets have longer tradition in these countries than in the other developing countries. Tables 1 and 2 show the maximal feasible equity premium for Latin American countries and developed ones, respectively. The simulations are done as described in section 2. We use data for 1950-1992, provided by the Penn World Table ( PWT) of the Pennsylvania University. We assume that 0 < α < 10 (and also 0 < α < 4) and 0 < β < 1 and report the estimated equity premia in the fifth column of tables 1 and 2. The sixth column of table 1 shows the resulting equity premia if 0 < α < 4. The actual real equity return is shown in the last columns of tables 1 and 2. The actual real equity returns are computed for the subperiods from the period 1921 -1996, when the respective market had existed. Note that since this indicator does not cover the period 1950-1992 . Also, since the real risk-free return can be negative, the equity premium can be higher as well as lower than the real equity return. Thus this indicator can be used only qualitatively. The source of the actual real return data is the study of Jorion and Goetzmann (1999) . Tables 1 and 2 show that the M&P model implies too high equity premia for the developing countries 6 and too low equity premia for the developed countries 7 . Another interesting difference is observed between the scatter diagrams of risk-free return and equity premium of the countries from tables 1 and 2. The scatter diagrams for all developing countries show that the maximal feasible equity premium for different risk-free return hardly varies when the risk-free return varies. On the other hand, the scatter diagrams for all developed countries show that the maximal feasible equity premium for given risk-free return increases when the risk-free return increases. Figure 1 shows the scatter diagrams for Paraguay and Belgium. We conclude that the M&P model is missing some economic variable that is related to the difference between developing and developed countries.
The real income and the equity premium 4.1 Evidence for the role of income
In their seminal paper, M&P (1985) show the existence of the equity premium, using the classical expected utility function. This function imposes the restriction that the coefficient of relevant risk aversion is equal to the inverse of the elasticity of the intertemporal substitution. Many researchers like Weil (1989) , believe that this restriction is the cause for the EPP, and tried to avoid it, using generalized expected utility, which does not impose such restrictions. But such functions also lead to the EPP. Campbell (1996) points that a flaw with the classical expected utility function (used by M&P to derive the EPP) is that it is scale-invariant; with constant return distributions, risk premia do not change over time as aggregate wealth of the economy (or the individual) varies. So, the utility of different individuals in different economies with different wealths is the same if the consumption is the same. This is implausible. Further, the marginal utilities of individuals with such preferences do not depend on wealth. This is implausible as well. Researchers correctly argue that some of the assumptions of the model of M&P should be responsible for the EPP, and concentrate mainly on the fact that the expected utility function implies that the coefficient of relative risk aversion is equal to the inverse of the elasticity of intertemporal substitution, but they forgot the previous restriction. As Kocherlakota (1996) points out, all utility functions, suggested instead of the expected utility function, like the generalized utility function, the habit consumption utility function, the relative consumption utility function, etc., fail to explain the EPP. All these functions are scale-invariant. Kocherlakota also demonstrates that relaxing other restrictive assumptions of the M&P model like complete markets,homogeneity of individuals, no borrowing constraints and no trading costs cannot solve the EPP. Kocherlakota concludes that "... the equity premium must emerge form some primitive and elementary features of asset exchange that are probably best captured through extremely stark models... We cannot hope to find a resolution to the EPP by continuing in our current mode of patching the standard models of asset exchange with transaction costs here and risk aversion there...".
We argue that this "primitive and elementary feature" is the wealth or the income. M&P make another assumption that to our knowledge is not considered in the literature. They assume that income is equal to consumption. This is crucial for the derivation of the expected equity premium puzzle. We inspect whether disentangling income and consumption in the utility function will contribute to solving the EPP and the risk-free rate puzzle, observed in the US.
Insights for the role of the real income is provided by section 3. The M&P model produces different equity premia for developing and developed countries, which implies that some variable related to the difference between these countries should be considered. This variable is the real income per capita. The M&P model is a consumption-based model 8 . Cochrane (2001) points out that consumption-based do not work well in practice. On the other hand, another type of asset pricing models cannot help to explain the EPP 9 . We retain the consumption based model and sophisticate it by including the real income as an explanatory variable.
Taking income into account provides insights for solving of the risk-free puzzle. Kocherlakota (1996) claims that in the standard models of individual preferences, when the coefficient of relative risk aversion is high ( as required by the high equity premium), the elasticity of intertemporal substitution (EIS) is low. This implies that individuals prefer smooth consumption over time. On the other hand, the empirical data show that interest rates are low (less than 1%), and the consumption grows with a rate of 1.8% per year. This is what Weil (1989) and Kocherlakota (1996) call a risk-free rate puzzle: although that individuals like consumption to be very smooth, and although that the real risk-free rate is so low, they still save enough so that per capita consumption grows rapidly.
One explanation for the risk-free puzzle could be that although that real risk free rates could be low, nominal risk free rates could be high. It is still not clear whether individuals take into account real or nominal interest rates when they decide how much to save. Even if individuals take real risk free rate, they need information about the inflation in the current moment, which is hardly available.
Accounting for income provides another explanation for the risk free rate puzzle. As shown by figure 2 during the period 1950-1992, the real US income per capita drastically increased. On the other hand the ratio real savings 10 to real GDP per 8 This model is based on the basic pricing equation
where p t is the price in period t, x t+1 is the payoff (not the return) in period t + 1, and m t+1 is the stochastic discount factor, defined as
where β is the subjective discount factor. On the basis of this equation, the model prices stocks and bonds, and computes their returns. 9 Consider the capital assets pricing model (CAPM). CAPM states that
where R f is the risk free return, R m is the market return, and β i is defined as:
This model explains the expected return of a specific asset, given the market return. Thus the market return -the thing that we want to explain, is taken as exogenous variable by the CAPM. Market return is also taken as an exogenous variable by the multifactor models and the APT.
10 The data is from the PWT. The PWT provides annual data for the real consumption, investment and government share from the GDP. The sum of the three percentages equals one, which show that the PWT keeps to the macroeconomic identity savings = investment. Thus the real investment data can be used instead of real consumption data.
capita for the considered period had remain remarkably stable for the period 1950-1992 with a mean value of 21.44%, a maximal value of 25.1%, a minimal value of 18.5 % and a standard deviation of 1.41
11 . The savings grow not because the risk free rate (the savings rate) is high, but because the income grows, and the savings grow as well, since they are a fixed part from the income 12 . Thus the risk-free rate puzzle, as formulated in this way, is solved. The data, however, gives rise to another risk-free rate puzzle: since individuals want to smooth consumption over time and know that their incomes will rise, they will try to borrow money today, and to pay them tomorrow, using their large future income. In that case, the risk free puzzle can be solved by introducing habit consumption -the utility function depends positively on the current consumption, and negatively on previous consumption. Thus, individuals like steadily increasing consumption, and not constant consumption. Given that individuals know that their incomes will rise in the future, they do not wish to borrow today against their future consumption. Such habit consumption functions are empirically tested by Kocherlakota (1996) .
Intuitively the level of income does contribute to explaining the equity premium. In a developing country individuals have low incomes and thus they do not have enough incomes to invest in equity. Institutional investors in such countries have low reputation (unless they are a branch of a well-known international institution), and thus their funds are limited. Something more, institutional investors in such countries prefer to invest in foreign portfolios -thus they have higher return as well as lower risk than they would have if they invest the money in domestic equity, or lend them to domestic companies. Thus the demand side of the domestic capital market is very limited. On the other hand, the companies in a developing country also have low reputation, and cannot offer equities that could credibly generate high return. Thus the supply side of the domestic market is limited as well. It is well known that in an undeveloped market, the prices are low and the transactions are very modest. In developed countries the case is precisely the opposite one. Intuitively it is clear that the marginal utility of a poor person is much higher than the marginal utility of a rich person. The consumption alone cannot answer the question what the financial situation of a consumer is, i.e., whether the consumer has money in the bank, or whether the consumers has borrowed money in order to consume a lot today. There is no doubt that these things do contribute to utility, so it is plausible to include the income level in the utility function. A poor person will not be willing to take any risk, buying equity with his limited resources because the marginal utility of consumption is high. On the other hand, a rich person will be willing to risk a part of its income, instead to consume it, because his marginal utility of consumption is low. Thus the capital market is more developed in rich countries.
M&P assume an ergodic Markov production process. No capital or other inputs are necessary. M&P point out that if the so specified model had passed their test, they intended to introduce also production. But may be precisely the nature of the production process has led to this result. Some intuition can also show that including production can give additional support to the importance of income as explanatory variable for the equity puzzle. Consider the following simple production model
In that model the investments play an important role. Investments in this model are equivalent to consumption, and thus depending on income. Cochrane (1997) proposes the following equation for the risk-free rate:
Income in continuous time
where ρ is the subjective discount factor, γ is the CRRA and r f is the risk-free rate of return. It will be interesting to check whether plugging in with empirical data results in plausible values for ρ and γ. (This is done below).
The equity premium of a risky asset can be expressed as
where r is the return of the risky asset, and r f is the return of a risk-free asset. (Cochrane shows that equation 25 is not satisfied with US data, which supports the idea that something with the model (in my opinion, with the consumption functions) is wrong). It is clear from this equation that people tend to smooth consumption, so that if the correlation is high, then also the equity premium is high, and vice versa, no matter how big σ(r) is. This equation is derived, assuming that the utility function depends on consumption only.
Cochrane demonstrates the existence of the basic M&P EPP in the following way. He transforms equation 25 to
The LHS of equation 25 is the so called Sharpe ratio. Cochrane shows that the Sharpe ratio is about 0.5 and is robust to leveraging (e.g. borrowing money and purchasing equity with them), or choice of assets. The standard deviation of average consumption is about 1 percent, or 0.01, γ is generously assumed to be 10, and corr(∆c, r) is assumed to be 0.2. Thus, the RHS of eq (3.1) is 0.02 and much lower than 0.5. This "devastating calculation", as Cochrane calls it, is the proof for the existence of the equity premium puzzle.
Consider
This implies that an individual requires high return from an asset whose return is closely correlated with his level of income. The function U (c, I) should not be linear in I, because the derivatives of the function are what matters. While the utility function is not included in equation 25, it is included in equation 27 and thus its specification plays a crucial role. A good first step would be to calculate cov (I, r) . Since cov(I, r) > 0, U cI should be positive as well. It is intuitively clear that covariance between income and stock returns in a developed country is much higher than the one in a developing country. This explains the high equity premia in the former, and the low equity premia in the latter countries.
The equation 27, written for X = I is
Equation 28 shows that the equity premium: -increases when the individual is very risk averse -high γ; -increases when the risk, connected with this equity (and not with the individual) is high -high σ(r); -increases when the risk, connected with the individual (and not with the equity) is high -high σ(∆c); -increases when corr(∆c, r) is high, i.e. when the equity cannot help the individual to smooth consumption; -increases when cov(I, r) is high, i.e. when the equity cannot help the individual to smooth income; -decreases when U c (.) is high. This is intuitively clear -high U c (.) means that utility rises very fast when the individual consumes another unit. Since the individual gets so much utility from consumption, income is not so important as a source of utility, and thus the relationship between income and stock return (cov (I, r) Table 3 shows that for the developed countries the general case is r f < E(∆c). Belgium is an exception from this rule, but the riskfree rate for Belgium is extraordinary high. In France and Australia r f ≈ E(∆c). For the other ten developed countries r f < E(∆c). Table 4 reports the values of r f and E(∆c) for some developing countries. In two cases (Chile and Thailand) r f > E(∆c). For Malaysia and Indonesia r f < E(∆c), but both countries experience fast growth in the period under consideration. In South Africa r f ≈ E(∆c), which reflects the fact that South Africa is a relatively rich country, so it can be placed between developing countries and developed ones. In Guatemala r f < E(∆c), but both values are negative.
The tables show that in the developed countries r f < E(∆c), while for the developing countries r f > E(∆c). A very illustrative case is Portugal. When the country was not a member of the EU (i.e., it was not so developed) E(∆c) was only slightly higher than r f . However, as soon as the country became member of the EU, the positive difference E(∆c) − r f rose drastically -from 0.0438 to 0.0686. These results confirm the intuition that in a developed country the consumption growth is higher than the real risk-free rate, because individuals consume more not only because their savings give them purchasing power, but also because of the growing income, and thus r f < E(∆c). On the other hand in a developing country individuals do not expect a growing real income that would enable them to consume more today, and thus r f > E(∆c). So, obviously the modification from U (c) to U (c, I) implies that equation 24 should be modified to
where f (I) is an increasing function of I. The equation provides insights for solving of the equity puzzle in continuous time, as demonstrated by Cochrane (discrepancy between the LHS and the RHS of equation 26.
Model that includes the income
Economy, asset prices and returns
Consider the following utility function
where y is income and c is consumption. The CRRA for this function is
In the general case the quantity −yUyy Uy is a better measure to risk aversion than
−cUcc Uc
, since the first expression measures aversion to losses in income units (money), 13 Since this is a modification of the M&P model, I have kept their notation wherever possible. However note that the parameters that M&P use for the consumption growth process are used here to model the income growth process.
while the second expression measures aversion to losses in consumption units (goods). Normally, losses and profits are in money, and not in goods.
The utility function U (c, I) as analogous to the standard expected utility function used by M&P, which is consistent with the major spheres of economic theory. (It is useless to construct a utility function which solves the EPP, but runs into wild contradictions with the other economic theory). The relative risk aversion is constant through time for any person. This specification changes the source of risk. While M&P model assumes that consumers are afraid of holding stock because they dislike volatility of consumption, in my model consumers are afraid of holding stock because they dislike volatility of consumption and income as well. The elasticity to intertemporal substitution is 1/α.
The multiplicative form of the function U (y, c) was chosen after careful evaluation of alternative forms. The vast majority of other specifications run into contradiction with economic theory. For example, consider the additive form:
The CRRA for this function is:
Thus when the income y increases, the risk aversion increases as well. This is not true.
We assume that markets are complete, frictionless (no trading costs) and that a representative agent exists. Kocherlakota (1996) underlines that these restrictions are not too strict. Consider the assumption for complete markets (insurance against all possible risks is possible). Even if insurance companies do not offer insurance against all possible risks, if individuals can trade costlessly financial assets over time, accumulated stocks from financial assets can be used for self-insurance against idiosyncratic shocks (for example, shocks to individual income). The intuitive explanation is that if a society consists of many individuals, they can make the available insurance and after that (since there are still risks that are not insured), individuals could reduce their savings when income is low or increase their savings when income is high 14 . The assumption for existence of a representative agent does not imply necessarily that all agents are identic. Even if agents are heterogenous (for example, if every agent is faced with a different idiosyncratc risk), as far as complete markets are present, every agent can insure himself against his whole idiosynratic risk by simply buying or selling financial assets. At the end of the story every agent is faced only with systematic risk, thus all agents are marginally homogenous. Thus an imaginary representative agent does exist, although that his preferences may not coincide with these of an existing individual.
If p t (y t , c t ) is the price of security at time t when the levels of consumption and income are c t and y t ,respectively, and d s is the flow of payment from the security (dividends) then
We assume that d s = y s , i.e. that the whole income is from dividends. While M&P assume that income is equal to consumption, which is equal to dividends, we disentangle between consumption and income, but not between income and dividends.
The variables y t and c t are subjects to Markov chains:
for i, j, l, k = 1....n. We assume that the matrix A with elements a lk = βψ lk ξ k 1−α is stable. Mehra and Prescott (1984) prove that this is necessary and sufficient condition for expected utility to exist if the individual consumes c t each period.
Note that consumption evolves independently from income, and vice versa. This can imply that nothing can restrain the consumer from consuming an infinite amount of goods. Thus an intertemporal budget constraint is necessary. The constraint is:
where b t is the borrowing in the period t, t = 1..∞. Note that while c t > 0, b t could be positive as well as negative: a negative b t implies that the individual was a lender in the period t. For t = 1, b 0 does exist and can be interpreted as the amount that the borrowings (positive or negative) that the individual inherited. As Kocherlakota (1996) underlines, many economists believe that this budget constraint ignores an important feature from the reality: because of adverse selection individuals are generally not able to fully capitalize their future income. This feature can be captured by imposing a borrowing limit B, where B is a finite positive number and b t < B for t = 1..∞. Since the model considers infinitely living individuals 15 , if the income always rises (i.e. if λ i > 1 for i = 1..n), then the present value of the future income is infinity and the constraint B is a binding one because individuals cannot fully capitalize their future income. This implies that the demand side of the market is smaller than under complete market, which implies that the risk-free rate should be lower. Even if the income does not rise every period, the discounted value of the infinite flow of future income would almost certainly be higher than B.
The concrete form of the budget constraint does not influence the following computations of the risk premium and the risk-free rate. The reason for this is that the current model is a financial and not a "consumer-oriented" one. If the model were a "consumer-oriented" one, then the main issue would be optimization of the utility function, and the constraints would play a crucial role. However, this is a financial model. It interprets the consumer utility only as a tool that can help to calculate an equilibrium set of risk-free return and equity return.
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Since 
Given that p t (y t , c t ) is homogeneous in degree one with respect to y t , p e t (h, m, i, l) can be expressed as
From equations 39 and 40 follows that 16 This idea can be formalized as follows. Denote with e the amount that the investor would consume if he bought no assets. Suppose an investor buys today an amount ξ of an asset with price p t that brings a payoff x t+1 tomorrow. Then his consumer problem is:
Substituting the constraints into the objective, the first-order condition is
This is actually the basic pricing equation p = E(mx).
This logic remains the same, no matter what the budget constraint is. The budget constraints influence the amount e t , but not the derivation of the basic pricing equation.
This equation yields a system of n 2 linear equations with n 2 unknowns, and defines w il for i, l = 1...n. The equity return at a moment t, given that
The expected equity return at a moment t, given that x t = λ i and f t = ξ l is
The risk free security pays one unit of income with certainty. The price of such security at moment t if x t = λ i and
The return at moment t if x t = λ i and f t = ξ l is
Let π ∈ R n be the vector of stationary probabilities on i and θ ∈ R n be the vector of stationary probabilities on j. They are solution to the matrix equations
Given these probabilities, the two independent Markov chains and the expressions for R e IL and R f il it is trivial to derive expressions for the unconditional equity return and risk-free return R e and R f . The equity premium is R e − R f .
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Test of the model 5.2.1 Calibration test
The model is tested with US data on real consumption and real per capita income for the period 1950-1992. The data is provided from the Penn World Table of the University of Pennsylvania. The parameter n is assumed to be equal to two and the Markov processes were calibrated as follows:
The parameters µ, δ, φ, ϕ, ς and ψ define the technology, where 0 < φ < 1 , 0 < ψ < 1, δ > 0 and ς > 0. This parameterization enables varying independently the average growth rates of income and consumption by adjusting µ and ϕ, the standard deviation of the growth rates by adjusting δ and ς and the serial correlations of these growth rates by adjusting φ and ψ, respectively.
The parameters are computed so that the average growth rates of real per capita consumption and real per capita income, the standard deviations of the growth rates of real per capita consumption and real per capita income and the first order serial correlation of these growth rates match the US values for the period 1950-1992. The sample values of the consumption variables for the American economy are 0.0196, 0.0188 and 0.175, respectively. The sample values for income variables are 0.0179, 0.0259 and 0.005 17 , respectively. The resulting parameters' values are µ = 0.0179, δ = 0.0259, φ = 0.5025, ϕ = 0.0196, ς = 0.0188 and ψ = 0.5875. The parameters α (CRRA) and β (EIS) were assigned random values between zero and ten and zero and one, respectively. Figure 3 shows a diagram of the values for the equity premium and the values for the risk free return for which the former values were reached. The highest equity premium is 0.12 percentage points. Table 5 shows the maximum achievable equity premia for developed and developing countries, computed using the M&P model (column 2) and the current model (column 3). The values in the third column are higher than the ones in the second column, and thus closer to the actual level of the equity premium. Thus the proposed model performs in vast majority of cases better than the M&P model. In all cases my model yields lower equity premium than the M&P model. Thus the results of my model are closer to the actual levels than the results of the M&P model.
The model is consistent with some empirical facts. We calibrate the model with US data and checked whether it was consistent with the following empirical facts: level and volatility of consumption growth both above 1% annually; relative lack of predictability in consumption growth; relative constancy of real risk-free rate over time and decreasing stock returns when the price-dividend ratio is high. The model yields an average consumption growth of 2.3 % and volatility of consumption growth 1.9%. Since ψ ij is relatively close to 0.5 for i, j = 1..n, consumption growth is difficult to predict. We compute the risk-free rate for realistic levels of α and β: 0 < α < 3 and 0.5 < β < 1. The average real risk-free rate was 3.28 with a standard deviation of 1.24, thus the predicted risk-free rate is not very stable and its average is too high. Concerning the predictability of the stock returns from the price-dividend ratio the model do not show whether this is possible or not. The reason for this is that the income generating process is a Markov one. It has no memory and thus it is difficult to draw conclusions about the future, using current data. While such process is suitable for modelling consumption evolution (because of the lack of consumption growth predictability), it may be not very suitable for modelling income growth.
Tests in continuous time
As underlined above, Cochrane shows the existence of the EPP by plugging in with empirical values for 1947-1996 in equation 26. The LHS of equation 26 is the Sharpe ratio. Cochrane shows that the Sharpe ratio is about 0.5. The standard deviation of average consumption is about 1 percent, or 0.01, γ is generously assumed to be 10, and corr(∆c, r) is assumed to be 0.2. Thus, the RHS of equation is 0.02 and much lower than 0.5. This is the proof for the existence of the equity premium puzzle.
Consider testing the same equation with US empirical data for 1950-1992, using the utility function U (c, I)
where γ is the CRRA. Plugging in with the function U (c, I) as specified above yields
For the period 1950-1992 σ(∆c) = 0.018, E(I) = 13194.12, σ(I) = 3034.092 and σ(∆c, r) is assumed to be 0.2, as recommended by Cochrane (1997). As a proxy for r, the annual rate of growth of some major stock index (NYSE, S&P 500) can be used. The correlation between a major stock index and the real GDP (income) per capita is very high, 0.65 is a modest value. If 0 < α < 1 and 0 < corr(I, r) < 0.65, the maximum achievable RHS of equation 50 is 0.15 -still lower than 0.5, but much higher than 0.02, the RHS computed by Cochrane. While we assume that 0 < α < 1 in accordance with the economic theory (see footnote 1), Cochrane assumes α to be equal to ten.
Further, Cochrane (1997) finds that the Sharpe ratio varies over time and increases when prices are low. He explains this, using a conditional version of equation 26:
There is few evidence that per capita consumption growth is more volatile at times of low prices than high prices. The conditional correlation of equity return and consumption growth could vary over time, but this seems unlikely.
On the other hand, consider a conditional version of our model:
Times of low prices are times of recessions and unemployment. These are times of income changes. Thus the income volatility during such times (σ t (I)) is high, which can explain the varying Sharpe ratio and the empirical fact that this ratio increases when prices are low.
Robustness of the result
We test the sensitivity of my results to model misspecification. Consider the calibration of income. The resulting equity premia for µ = 1.0179 and δ equal to 0. 02, 0.02579, 0.03, 0.04, 0.05, 0.06, 0.07 and 0.08 were 0.07, 0.1, 0.15, 0.3, 0.7, 1 and 5, respectively . Thus the resulting equity premium increases when the standard deviation of income δ increases. This results coincides with the intuition that when the standard deviation increases, risk increases, and thus the demanded equity premium should be higher. On the other hand for δ = 0.0259 and µ equal to 1.016, 1.017, 1.019, 1.02 and 1.025, the resulting equity premia are 0.1, 0.1, 0.09, 0.07, 0.068. Thus when the average real income growth increases, the equity premium decreases. This result can be supported also by intuition -when income grows, the marginal utility of income decreases, and thus the required equity premium is not so high. Varying the parameter φ from 0.4425 to 0.5825 with a step 0.02 did not influence the magnitude of the equity premium.
We perform the same test for the consumption generating process. When the average consumption growth rate ϕ increases, the equity premium decreases very slightly, and namely for ϕ = 1.01, 1.015, 1.018, 1.0197, 1.021, 1.023 and 1.028, the resulting equity premium is 0. 13, 0.125, 0.125, 0.12, 0.12 and 0.12 . M&P also find that their results are robust to variation in the average consumption growth. When the standard deviation of consumption growth ς increases, the equity premium decreases, and namely for ς equal to 0.005, 0.01, 0.017, 0.03, 0.05 and 0.07 the resulting equity premium is 0.12, 0.12, 0.125, 0.12, 0.09 and 0.08 . On the other hand, M&P find that the resulting equity premium from their model increases when the standard deviation of consumption growth increases.
We test also the robustness to introducing of more intermediary levels for λ and ξ. We consider the case when n = 4 and calibrate the Markov process for income as follows:
The Markov process for consumption was calibrated in an analogous way:
For the calibration we use US data for the period 1950-1992, provided by PWT. The resulting values for the parameters µ, δ, φ/2, ϕ, ς and ψ/2 were 0.0179, 0.0188, 0.2525, 0.0196, 0.02659 and 0.3375, respectively. The maximal feasible equity premium rose to 0.15%. This is also intuitively clear -including more intermediary levels makes the model more realistic. This result differs from the robustness result of M&P -when n j=1 φ ij = 2, they find that the predicted equity premium does not change. When n j=1 φ ij = 1, their model yields an equity premium equal to 0.8%.
Extensions of the model
Distinguishing between consumption and income
where γ > 0. The function U (y, c) =
does not disentangle well between income and consumption in the sense that income and consumption are perfect substitutes in the functional form. With this function, this is not the case. Since an additional consumed dollar usually brings more utility than an additional dollar put in the bank, it is natural to set 0 < γ < 1.
The test of the model, using this utility function, does not help to solve the equity premium puzzle. For γ = 0.5 the highest computed equity premium was 0.09 percentage points. A scatter diagram of the values of the risk free return and the respective values of the equity premium is shown in figure 4.
Introducing dividends
Model and results. Another extension would be to disentangle dividends and income. Two formalizations are possible. The first one is to transform equation 34 to:
where the dividend flow d s also follows a Markov process. It is trivial to compute the expressions for R e and R f in that case. The problem with this approach is that the What could be a problem is that also empirical data for the dividends is necessary for the calibration of this model. For example, this could be the sum of dividends, paid to all shares included in some major stock exchange index.
Another approach would be to assume, as proposed by M&P (1985) that dividends are equal to the actual income minus a fraction (denoted by θ) from the expected income. The reason for this is that stockholders are residual claimants. First, the fixed claims to the company should be paid from the income (examples for such claims are salaries, etc.), and the rest of the income belong to the stockholders. This approach is more realistic than the first one, because in the first approach dividends evolve independently from income (measured as real GDP per capita), since both processes are defined as independent Markov processes. The second approach captures the fact that the stockholders carry almost the whole risk the company is exposed to. Without this modification, the only risk in the model is implemented by the Markov processes that govern consumption and production. However, the risk implemented by these processes is a common risk for all economics agents, no matter whether they are stockholders or not. Making this modification implements in the model the specific additional risk stockholders are exposed to 18 . Thus we expect that accounting for this specific risk will raise the equity premium 19 . The second approach modifies equation 39
The rest from the model is as specified in section 5.1. Graphs resulting when this model is tested for n = 2 are shown in figure 5 .
The model is calibrated with US data for 1950-1992. The test shows that an equity premia of 5% is reached for risk free return equal to 2.17%. J&G calculate that for the period 1970-1992 the real stock return is 6.15. The risk free return for the period 1978-1997 is 0.8% 20 . Thus the actual equity premium is 5.35, which is close to the predicted 5. The discrepancy between the forecasted risk free return (2.16) and the actual risk free return (0.8) is not so big given that the standard deviation of the observed sample 0.6. The M&P model yields values of 0.35% and 4%, respectively (also when modified to account for the dividends paid). Figures 5 shows that the feasible zone of pairs (risk free return, equity premium) is a line with positive slope. This in our model with dividends, when the risk free return increases, the equity premium increases as well. One the other hand in the M&P model the feasible zone is not graph of an increasing function, but rather a triangle or a rectangular (see figure 1) , which implies that a given level of risk premium can be achieved for different levels of risk free return, which is implausible.
These results also contribute to the explanation of the risk free rate puzzle. M&P point out that for α = 2 (a value consistent with the economic theory, see footnote 1), the average risk free rate is at least 3.7% an year, which is much larger than the empirically observed 0.8, given that the standard deviation of risk free return is 0.6. Thus M&P conclude that a risk-free puzzle exists as well. In our model, the risk free rate corresponding to the observed equity premium is 2.25, which is not for away from the actual value, given its standard deviation.
Robustness tests. The these test results are based on empirical observations of the average growth rates of income and consumption, the standard deviations of these growth rates and their first order autocorrelations. Since observation errors are possible we test whether the results are robust to small changes in the parameters. The estimated values for the parameters, used in our model, are µ = 0.0179, δ = 0.0259, φ = 0.5025, ϕ = 0.0196, ς = 0.0188 and ψ = 0.5875, while θ is assumed to be 0.9. Table 6 reports the resulting risk free rate and equity premium when these values were slightly changed. The table shows that the results for the risk free rate and the equity premium are robust. The results from the model with dividends are much more robust than the results from the model without dividends and the results from the M&P model (see Mehra and Prescott (1985) ). It is interesting that the results do not change at all when the consumption process parameters vary.
The results for the variation of θ are interesting. Actually 0.9 is a too low value -the stockholders receive as a dividend on the average less than 10 percent from the firm revenue. Thus a higher value of θ is more realistic. As reported in table 7, when θ increases, the resulting risk free rate and equity premium get closer to their real values.
Further, we allow α to vary between zero and three. Such values of α are consistent with the economic theory (see footnote one). The line moved very slightly downwards and the resulting graph is shown in figure 6 . An equity premium of five percent is reached for a risk free rate equal to 2.25%. Allowing β to vary between 0.5 and 1 (which is more realistic) does not change the results.
We conclude that the model is robust to observation errors in the parameters.
The model and the risk free rate puzzle. The risk free rate puzzle follows from the expected utility function since it restricts the elasticity of intertemporal substitution to be equal to the inverse of the CRRA. The M&P model requires the CRRA to be high, which implies that the elasticity of intertemporal substitution should be low, which in turn implies that individuals should smooth consumption over time and borrow against future consumption, thus increasing the risk free rates. Thus the risk-free rate puzzle can be explained either by substituting the expected utility function with another one that disentangles CRRA and elasticity of intertemporal substitution, or by constructing a model that explains the equity premium for a low value of CRRA -as our model. Kocherlakota (1996) considers substituting the expected utility function with generalized utility function, with habit formation utility function (marginal utility increases with past past consumption) and with relative consumption (the utility function depends also on the average per capita consumption). All these functions disentangle CRRA from EIS. However, as Kocherlakota concludes, while all these functions explain the risk free puzzle, only the last one provides insights for the explanation of the equity premium puzzle. Mehra and Prescott (1985) formulate the equity premium puzzle. Their model does not disentangle among income, consumption, and dividends. In this paper we consider whether income can help to explain the equity premium puzzle as formulated by We provide empirical evidence that supports this views and develop and test a consumption based model that includes income and disentangles dividends. We propose a utility function that includes income, disentangles it from dividends and is consistent with the microeconomic theory. Our model yields values for the risk free return and the equity premium of 2.25% and 6% respectively, while the historically observed values are 0.8% and 6.17%, respectively.
Conclusion
Some questions remain open for future research. Since Jorion and Goetzman claim that years with longer financial market history tend to have higher returns, it will be interesting to check the M&P model for countries with high real returns and shorter financial market history, like Czechoslovakia (20 years -too few observations) and Israel.(40 years). Also, it will be interesting to calculate the covariation between the EP and the income per capita in different countries, and to compare them. It could also be interesting to check the model of M&P for a country with a high equity premium, but with negative real stock risk-free returns. With the data for the M&P model additional analysis can be made, like comparing the years of existence of the markets and the respective equity premia, checking whether the things will change when dividends are excluded when calculating returns, and speculating whether the hypothesis of Rietz (1988) that ex ante return distribution coincides with ex post return distribution because of low probability of severe crash is correct. In table A2 the same data is shown for some developing countries. The savings/income ratio is much more variable for the Latin American countries. This is obvious when one compares the last lines of both tables. The most striking predictions of the M&P model are for Bolivia, Paraguay and Uruguay (see table 1 ). Precisely for these countries the difference between the lowest and the highest savings/income ratio, compared to the lowest one, is extremely high. Real risk free rate and EP generated by the model with dividends for 0 < CRRA < 3. 
